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Abstract 
In this vibro-acoustic problem, an acoustic domain is confined within a partly flexible laminated composite rectangular 
enclosure, subjected to harmonic excitement. A mobility relation is derived from the finite element free vibration analysis, to 
relate acoustic pressure and structural velocity normal to the containing structure. A boundary element solver for the Helmholtz 
equation with 8 noded quadratic isoparametric elements is developed from pressure-velocity formulation. Velocity is specified 
over the rigid part of the boundary. In the interactive boundary the mobility relation correlates nodal pressures and velocities, 
neither being explicitly known. The pressure boundary values are solved from the boundary element equations coupled with the 
mobility relations, while the velocity at flexible boundary is computed from mobility relationship. New results presented here 
reveal the effects of the symmetric and anti-symmetric cross ply laminated composite cavity with the variation in wall thickness 
and increase in number of layers. 
© 2016 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the organizing committee of ICOVP 2015. 
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1. Introduction 
Noise and vibration are important considerations for the comfort of operators and passengers in surface 
transportation vehicles, off-road vehicle, aircraft and ship. Interior noise level criteria depend upon the vehicle type 
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and the occupied space considered. These vehicles can be ideally represented by a box structure with a vibrating 
wall, forming an acoustic cavity inside the domain.  
Uncontrolled sound lends to various health hazards like hearing damage along with other ailments like mental 
stress, physiological, endocrinal and cardiovascular damages and even foetal disorders.  
While using lightweight laminated composite materials, care must be taken with respect to their vibro-acoustic 
characteristics and noise reduction ability. Being thin, flexible and light, the interaction of a cabin structure 
undergoing vibration with the enclosed and/or surrounding acoustic field can considerably modify the acoustic 
response compared to the case where the cabin is thick and acoustically rigid. An interior coupled structural acoustic 
(ICSA) study can assess this response pattern and can help to design a quiet ambience within aircrafts, on road 
vehicles and alike.  
Seybert et al. [1] discussed a coupled Finite Element-Boundary Element (FE-BE) analysis where, the two system 
matrices, the structural (obtained by using FEM) and the acoustic (obtained by using BEM), were solved 
simultaneously. Engblom and Nelson [2, 3] studied the coupled FE-BE structural acoustic radiation problem for 
exterior domain from a smooth structure manifesting laminated orthotropic property. Suzuki et al. [4] attempted to 
solve coupled interior structural acoustic problems using constant boundary elements and modal methods, where the 
boundary integral equations and the structural equations in uncoupled modal form were solved simultaneously. 
Ohayon et al. [5] provide a detail discussion on methodologies of fluid-structure analysis, mainly based on finite 
element technique.  Niyogi et al. [6] accounted for coupled interior vibro-acoustic problem inside laminated 
composite enclosure where multiple surfaces of the enclosure can be defined to interact with the interior acoustic 
domain.  
The objective of the present study is to explore how the acoustic response inside a vehicular cabin can be cut 
down where the cabin walls comprise partly of acoustically rigid flat panels and partly of thin low cost laminated 
composite plates of graphite and epoxy resins. One can modify the structural stiffness using passive means, namely, 
modifying lay-up sequence, adding layers, keeping total thickness intact etc. By judiciously planning the 
arrangements, one can restrict the acoustic output of the cabin to eliminate sharp crest within the working frequency 
bandwidth expected for the purpose for which the cabin is designed.  
2. Mathematical Formulations 
2.1. Finite Element Analysis of Structure 
The mathematical model is complicated by the orthotropic nature of the material. First order transverse shear 
deformation based on Yang-Norris-Stavsky (YNS) theory [7] is used along with rotary inertia of the material. The 
displacement field related to mid plane displacement as 
yxyxyxxy wwwwzvvzuu ,,000 ,,,,      TMTMTT  (1) 
where displacement and rotations follow right hand cork screw rule with z direction upward. The notations have 
their usual meaning. φx and φy are shear rotation about x and y axis respectively.   
The stiffness matrix of the plate element in the form 
> @ > @ > @> @dABDBK Te ³   (2) 
Where }[B]{=}{ iGH    
{ε} being the strain vector, and {δi} the nodal displacement vector. [B] is the strain displacement matrix and [D] 
is the stiffness matrix given by 
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α is a shear correction factor, taken as 5/6, to take account for the non-uniform distribution of the transverse shear 
strain across the thickness of the laminate. The mass matrix of the plate element is given by 
> @ > @ > @> @dANNM
eA
T
e ³ U   (4) 
[ρ] being the density matrix functions. 
Eight-noded isoparametric plate elements with 6 degrees of freedom per node have been implemented in the 
present computations. The stiffness matrix and the mass matrix of the element are derived by using the principle of 
minimum potential energy. The detail of transformation to relate local and global displacements are already 
discussed in [8]. Finally, the governing equation can be written as  
 0])[]'([ 2   MK nZ  (5) 
The eigen problem is solved using the subspace iteration technique so that desired number of eigenvalues and 
eigenvectors can be expected. The impedance relation is obtained from the time derivative of the response 
relationship of a damped multi-degree of freedom (MDOF) system under harmonic loading as presented below [6]: 
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Here, : is the forcing frequency in rad/s. ሾ߮ሿ denotes the matrix of mass-normalized mode shapes, Zk is the kth 
natural frequency of the multi degree of freedom structure and [k is the modal damping ratio of mode k. Only the 
normal-to-the-boundary components of the velocity and forces however are used while coupling the structural and 
acoustic domains.  
 
2.2. BoundaryElement Analysis of Structure 
The governing equation of a time harmonic acoustic problem is given by the reduced wave (Helmholtz) equation,  
 022   pkp  (7) 
Here, p is the acoustic pressure and k is the wave number.  
Assuming the surface is discretized into M number of eight-noded surface elements, the discretized form of 
boundary integral equation [6] is given as 
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Each node of the BE mesh is used once as an observation point and a boundary element equation is generated. 
Upon assembly of these equations the system equation for the acoustic enclosure is found in the form of a set of 
linear algebraic equations.  
 }]{[}]{[ vGpH   (9) 
Combining Equations (8) and (9), and selecting only the normal velocity and pressure components on the 
interacting zone, the final mobility relation is derived as 
 }]{[}{ pQv   (10) 
where, ሾܳሿ is the desired mobility matrix, while {࢜} and {p} are the nodal velocities and pressures respectively at 
the interactive boundary. 
3. Numerical Analysis 
A FORTRAN program has been developed for the present analysis. The main program has two modules; FEM 
tools to generate the mobility relation from free vibration analysis, and a BEM solver for the acoustic cavity. 
 
3.1. Study on Mesh Convergence 
In order to verify the convergence of result with the refinement of finite element mesh, the first three natural 
frequencies are shown in Table 1 for graphite/epoxy (0/90)s laminated composite box, idealized as a folded plate 
structure (Fig. 1 and 2), using different mesh size.  
 
 
 
 
 
 
 
 
 
 
 
Rectangular box will be used as an acoustic container with the left wall acting as a rigid piston. Top and right 
walls are assumed to be flexible, and the remaining walls are assumed to be rigid. The elastic properties of the 
laminated composite made up of graphite/epoxy are as follows: E1= 130GPa, E2=9.5GPa, 
G23=0.5G12=0.5G13=3GPa, ν12=0.3, ρ=1600kg/m3. Keeping in mind the computational time and accuracy we have 
considered 9×3×3 mesh size for the further analysis in this study.  
 
 
P 
Fig.2. Flexible membrane of acoustic cavity 
0.6
0.6
1.8
x 
y 
z Rigid piston 
 
Fig.1. Geometryof acoustic cavity 
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Table 1. Natural frequency (Hz) for different mesh size 
 
 
 
 
 
 
 
3.2. Validation 
The validation of the interior coupled structural acoustic (ICSA) analysis using BEM interior acoustic 
formulation and the ICSA problem has been shown elsewhere [6]. 
3.3. Case Studies 
3.3.1. CASE STUDY 1:  Variation of sound pressure level for different thicknesses of symmetric cross ply laminated 
wall with different contributing mode of an enclosed acoustic cavity 
 
In this study, the variation of sound pressure level (SPL) (dB) within the cavity is studied for variation in the 
thickness of flexible walls. The thicknesses taken for this study are 3, 4 and 6mm, respectively, at the top and right 
flexible walls.  
With increase in thickness, the stiffness of the structure increases. Hence the behaviour of SPL also changes. The 
number of contributing modes are taken as 20, 15 and 12 respectively [6]. The damping ratio,[, for this study is 
taken as 1%. Table 2 shows first ten natural frequencies for the structure for different thicknesses.  
Table 2: First ten natural frequencies (rad/s) of the rectangular cabin for different thicknesses with ξ=1.0% 
Mode Case 1 Case 2 Case 3 
3mm 4mm 6mm 
1 238.91 310.05 454.48 
2 328.02 411.53 574.24 
3 468.75 588.44 816.31 
4 656.62 834.99 1155.33 
5 666.58 872.09 1271.97 
6 716.99 912.50 1301.78 
7 717.20 939.21 1380.94 
8 861.28 1107.24 1584.98 
9 960.88 1207.23 1669.73 
10 1002.44 1307.30 1894.60 
 
From the table, it is seen that, in case 2 there is a 33.3% increase in mass compared to case 1, whereas in case 3 
there is a 50% increase in mass compared to case 2 when computed on the basis of flexible walls only. The 
corresponding rise in fundamental frequencies is 29.8% and 46.5%, respectively. The sound pressure level in dB at 
the boundary point P is plotted in Fig. 3. 
From Figure 3, it can be observed that for 3mm thick cavity, the first acoustic peak of 100 dB for the cavity 
appears at 278 rad/s after a dip of 47 dB at 244 rad/s. The next acoustic peak is induced by the rigid acoustic mode 
at 574 rad/s (115 dB). The second rigid acoustic mode appears at 1216 rad/s and the third mode is near 1800 rad/s. 
In comparison, the first acoustic peak for 4mm thick cavity is 95 dB at 334 rad/s and that of 6mm thick cavity is 
100dB at 536rad/s. For 6mm thick cavity, a sharp drop in SPL is found at 564rad/s (60dB) which again rises to 
112dB at 632rad/s.Thus the appearance of resonance at close intervals has modified the response pattern altogether 
creating two crests and a trough within a short span instead of one large peak with flexible wall thickness 6mm. It 
Mode 
Mesh Size 
6x2x2 7x3x3 8x3x3 9x3x3 10x3x3 
1 101.096 96.158 95.573 95.309 95.088 
2 126.550 122.524 118.995 117.021 115.560 
3 183.704 177.662 169.529 164.550 160.866 
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may be noted that the interaction spikes first developed is not exactly at their first natural frequency of the structure 
but slightly higher due to the stiffness contribution of the contained air. 
 
 
 
Fig.3. Variation of SPL (dB) for different wall thicknesses at boundary point P on the right wall with [ = 1%  
 
3.3.2. CASE STUDY 2:  Variation of Sound Pressure Level for Symmetric & Anti-symmetric Cross Ply laminates 
 
The present study is carried out using a 4mm thick cavity (Fig. 1 and 2) for symmetric and anti-symmetric cross 
ply laminates, namely (0/90)s and (0/90)2. The damping ratio,[, is taken as 1%. The first ten natural frequencies are 
given in Table 3 and the SPL at the boundary is plotted in Fig. 4. It is evident from the table 3, that anti symmetric 
angle ply laminate give the higher natural frequency than symmetric angle ply laminate. This indicate that 
composite structure made up of anti-symmetric cross ply laminate is stiffer than symmetric cross ply laminate. 
 
Table 3: First Ten natural frequencies (rad/s) for an enclosed cavity for symmetric and anti-symmetric angle ply laminate, thickness of laminate 
=4mm, ξ=1.0% 
 
Figure 4 shows first interaction spike comes earlier for symmetric laminates as it is less stiff than the anti-
symmetric one. The symmetric laminate has 3rd natural frequency 588rad/s and 9th natural frequency 1207rad/s, 
which are very close to the acoustic resonance frequency (593rad/s and 1186rad/s respectively). 
Hence a trough is visible in a very short interval near the acoustic resonance frequencies. There is no sharp peak 
near 1200 rad/s for symmetric laminate at all. Whereas a peak of 115 dB is visible at 1224rad/s for anti-symmetric 
laminate.  
Mode 0/90/0/90 0/90/90/0  Mode 0/90/0/90 0/90/90/0 
1 461.118 310.045  6 1132.487 912.5025 
2 532.838 411.526  7 1345.903 939.200 
3 671.890 588.441  8 1382.0375 1107.236 
4 799.127 834.994  9 1420.033 1207.230 
5 906.208 872.085  10 1466.308 1307.299 
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Fig.4.Variation of SPL (dB) at the boundary point P for different lay-up sequence with ξ=1.0% 
3.3.3. CASE STUDY 3:  Variation of sound pressure level for increasing layer of anti-symmetric cross ply laminate 
wall of an enclosed acoustic cavity 
 
The present study is carried out using a 4mm thick cavity for cross ply laminates with increasing number of 
layers (2,4 and 8) keeping the overall thickness same. The damping ratio,[, is taken as 1%. The first eight natural 
frequencies are given in Table 4 and the SPL at the boundary is plotted in Fig. 5. From the table, it can be seen that, 
with increase in number of layers, the stiffness increases. As a result, interaction spikes appears late for (0/90)4. Also 
the peak is less for (0/90)4 near 2nd acoustic mode. There is a sharp trough near 1200rad/s. it is because of the 
presence of 6th mode near acoustic resonance.  
 
Table 4. First Ten natural frequencies (rad/s) for an enclosed cavity for 4mm thick laminate with increasing staking sequence of anti-symmetric 
cross ply laminate, ξ=1.0% 
Mode (0/90)1 (0/90)2 (0/90)4  Mode (0/90)1 (0/90)2 (0/90)4 
1 337.293 461.118 487.099  5 695.576 906.208 948.05 
2 411.889 532.838 558.121  6 872.983 1132.487 1184.943 
3 525.069 671.889 701.142  7 968.587 1345.903 1424.302 
4 614.443 799.127 835.430  8 1006.712 1382.037 1460.192 
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Fig. 5.Variation of SPL (dB) at the boundary point P for increasing number of layers with ξ=1.0% 
4. Conclusion 
Sound pressure levels for symmetric and anti-symmetric cross ply laminated acoustic cavities have been studied 
here due to variation in wall thickness and increasing number of laminates. In this ICSA study, the mobility relation 
is drawn from free vibration analysis of the cabin and then plugged in the pressure-velocity boundary element 
formulation of the interior acoustic domain in frequency domain. This mobility relation is calculated taking 
contributions from first few significant modes. It is seen that the cavities with thicker walls manifest interactions at 
higher forcing frequencies. Till such forcing frequency is attained, the SPL curve retraces a rigid acoustic response 
curve. If a structural mode is close to a rigid acoustic mode in terms of frequency, then two dwarf peaks with an 
intermediate deep trough is often visible in the plot of sound pressure level. Also it can be seen that, with increase in 
number of layers, the interaction spikes appears late as the stiffness increases.  It is a difficult and time consuming 
process to obtain such optimal solutions. However, if physical experiments were conducted instead, huge amount of 
non-biodegradable waste would have been produced giving rise to a separate problem of consuming the waste. 
Numerical experiments are, therefore, a welcome alternative in figuring out prospective quiet cabins before 
conducting physical experiments.  
References 
[1]   A.F.Seybert, T.W. Wu and W.L. Li, Applications of the FEM and BEM in structural acoustics, In Boundary Elements BE XII, in: M. 
Tanaka , C.A. Brebbia and T. Honna (Eds.)  Applications in Fluid Mechanics and Field Problems Vol.-2 ,1990,  pp. 171-182. 
[2]   J. J.Engblom  and R. B.Nelson, Consistent Formulation of Sound radiation from Arbitrary Structure, Journal of Applied Mechanics, 
Transactions of the ASME, 42 (1975), pp.295-300.  
[3]   J. J. Engblom and R. B. Nelson, In- Fluid Response of Complex Structures with Applications to Orthotropic Spheres, Journal of Sound and 
Vibration, 49(1) (1976), pp. 1-8.  
[4]   S.Suzuki,  M. Imai and S. Ishihara,  Boundary Element Analysis of Structural-Acoustic Problems, in:C. A.Brebbia(Ed) “Boundary 
Elements-VI”, Proceedings of the 6th International Conference, Southampton,.New York, 1984, pp. (7-27) – (7-35).  
[5]  R. Ohayon and C.Soize, Structural Acoustics and Vibration: Mechanical models, Variational formulations and discretization, Academic 
Press, 1998. 
[6]   A.G Niyogi, M.K.Laha and P.K.  Sinha, A coupled FE-BE analysis of acoustic cavities confined inside laminated composite enclosures, 
Aircraft Engineering and Aerospace Technology -An Int. J., 72 (2000), 345-357. 
[7]    P. C. Yang, C. H. Norris, and Y. Stavsky, Elastic wave propagation in heterogeneous plates, International Journal of Solids and Structures, 2 
(1966), 665-684.  
[8]   S. Pal and  A.G. Niyogi., Application of folded plate formulation in Analyzing stiffened laminated composite and sandwich folded plate 
vibration, Journal of Reinforced Plastics and Composites, 27(7) (2008), 693-710. 
